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1 Introduction. 



The reader should see [K] for the descriptive set theoretic notation used in this paper. This work 
is the continuation of a study started in [L1]-[L5], and is announced in [L6]. The usual notion of 
comparison for Borel equivalence relations E C X'^ and E' C X''^ on PoUsh spaces is the Borel 
reducibility quasi-order: 

E<bE' ^ 3u : X^X'BoTel with E = {uxu)-^{E') 

(recall that a quasi-order is a reflexive and transitive relation). Note that this makes sense even if E, 
E' are not equivalence relations. It is known that if {Bn) is a sequence of Borel subsets of X, then 
there is a finer Polish topology on X making the S^'s clopen (see exercise 13.5 in [K]). So assume 
that E <B E', and let cr be a finer Polish topology on X making u continuous. If moreover E' is in 
some Baire class V, then E G V{[X, a^). This motivates the following (see [Lo2]): 

Definition 1.1 (Louveau) Let X, Y be Polish spaces, A a Borel subset of X xY, and T a Baire 

(or Wadge) class. We say that A is potentially in T {denoted A^pot^T)) iff there is a finer Polish 
topology a {resp., r) on X (resp., Y) with A G r([X, a] x [Y, r]). 

This notion is a natural invariant for <b' if E' is pot(r) and E <b E', then E is pot(r). Using 
this notion, A. Louveau proved that the collection of Xl^ equivalence relations is not cofinal for <b, 
and deduces from this the non existence of a maximum Borel equivalence relation for <b (this non 
existence result is due to H. Friedman and L. Stanley). More recently, G. Hjorth, A. Kechris and A. 
Louveau determined the potential classes of the Borel equivalence relations induced by Borel actions 
of closed subgroups of the symmettic group (see [Hj-K-Lo]). 

A standard way to see that a set is complicated is to note that it is more comphcated than a 
well-known example. For instance, we have the following (see [SR]): 

Theorem 1.2 (Hurewicz) Let Pf := {a €2^ \ 3n E u Vm > n a{m) = 0}, X be a Polish space, and 
A a Borel subset of X. Then exactly one of the following holds: 

(a) The set A islii{X). 

(b) There is u:2'^ ^ X continuous and one-to-one with Pf = {A). 

This result has been generalized to all Baire classes (see [Lo-SR]). We state this generalization in 
two parts: 

Theorem 1.3 (Louveau-Saint Raymond) Let ^ < oji, S G 'Si\_^^{2^), X be a Polish space, and A, B 
disjoint analytic subsets ofX. Then one of the following holds: 

(a) The set A is separable from B by a n5_,_^(X) set. 

(b) There is u: 2'^ X continuous with S(lvr'^{A) and 2'^\S Qu~'^{B). 
If we moreover assume that S ^ n5_|_^, then this is a dichotomy. 

Note that in this dichotomy, we can have u one-to-one if ^ > 2. This is not possible if ^ < 2. 
Theorem 1.4 There is a concrete example of a set ^i^^ G (2'^ )\ 115^^(2'^), /or each i<u}i. 
We try to adapt these results to the Borel subsets of the plane. 
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The following result is proved in [H-K-Lo]: 

Theorem 1.5 (Harrington-Kechris-Louveau) Let X be a Polish space, E a Borel equivalence rela- 
tion on X, and Eq := {{a, /?) G 2^^ x 2'^ | 3n G a; Vm > n a{rn) = /3(m)}. Then exactly one of the 
following holds: 

(a) The relation E is pot{Yl\). 

(b) Eq <b E (with u continuous and one-to-one). 

For the Borel subsets of the plane, we need some other notions of comparison. Let X, Y, X', Y' 
be Polish spaces, and A (resp.. A') a Borel subset of X xY (resp., X' x Y'). We set 

^<B^' <^ 3u:X^X' 3v:Y^Y' Borelwith A={uxv)-^{A'). 

The following result is proved in [LI]: 

Theorem 1.6 Lef A(2^) :={(a, /3) €2'^ x 2'^ | a = /3}, Lo:={(a,/3)G2'^ x2^ | a<i^^(3}, X,Y be 
Polish spaces, and A a pot{D2{^\)) subset of Xx Y. Then exactly one of the following holds: 

(a) The set A is pot{Ii\). 

(b) -iA(2'^) <g A or Lq <g A (with u, v continuous and one-to-one). 

The class D2{'Si) is the class of unions of a closed set and of an open set. Things become more 
complicated at the level D2{^i) of differences of two open sets (see [L5]): 

Theorem 1.7 (a) There is a perfect <^Q-antichain {Aa)ae2'^ Q -C2(S5)(2'^ x 2"^) such that A^ is 
<J^-minimal among A]^ \/7o?(n5) sets, for any a G 2'^. 

(b) There is a perfect <B-antichain {Ra)ae2'^ such that Ra is <B-minimal among A.\\pot{Jl.^) sets, 
for any a £ 2^. Moreover, (i?a)ae2" can be taken to be a subclass of any of the following classes: 

- Graphs (i.e., irreflexive and symmetric relations). 

- Oriented graphs (i.e., irreflexive and antisymmetric relations). 

- Quasi-orders. 

- Partial orders (i.e., reflexive, antisymmetric and transitive relations). 

In other words, the case of equivalence relations, for which we have a unique (up to bi-reducibiU- 
ty) minimal non potentially closed element with Theorem 1.5, is very specific. Theorem 1.7.(b) says, 
among other things, that the mixture between symmetry and transitivity is very strong. Theorem 
1.7.(a) shows that the classical notions of reduction (on the whole product) don't work, at least at the 
first level. So we must find another notion of comparison. The following result is proved in [L5]: 

Theorem 1.8 There is Si G A}(2'^ x 2'^) such that for any Polish spaces X, Y, and for any Borel 
subset A of X xY, exactly one of the following holds: 

(a) The set A is pot{Il^). 

(b) There are u:2^ ^ X and w : 2'^ — > y continuous satining the inclusions SiC.(ux v)~^{A) and 
Sl\SiC{uxv)-\-^A). _ 

Moreover, we can neither replace Si\Si with ^Si, nor ensure that u and v are one-to-one. 
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So we get a minimum non-potentially closed set if we do not ask for a reduction on the whole 
product. We will show that this dichotomy is true for each countable ordinal ^ > 1. The result is 
actually stronger than that. First the A^'s are concrete examples. Secondly it is better to state that the 
reduction in condition (b) holds in the set \T] of the branches of some tree T that does not depend on 
rather than A^. Finally, to get the full strength of the result, it is better to spUt it in two parts. We 
need some notation and a definition: 

Notation. If To, T\ are finite sets and T C JTq x JF^, we denote by Gr the bipartite graph with set of 
vertices the sum Tq®J^\, and with set of edges 

{{(/o,0),(/i,l)}Cjro®;r, I (/o,/i)er}. 

(see [B] for basic notions about graphs). In the sequel, we will denote := (J^, e). 

Definition 1.9 We say that a tree T on 2x2 is a tree with acyclic levels if, for each integer p, the 
graph Gr^, associated with Tp:=T n {2P x2P)C 2P x 2^, is acyclic. 

Now we can state the main results proved in this paper: 

Theorem 1.10 (Debs-Lecomte) Let T be a tree with acyclic levels, ^ < iOi, S G ( [^1 )> ^ 
Polish spaces, and A, B disjoint analytic subsets ofXxY. Then one of the following holds: 

(a) The set A is separable from B by a pot{Ili_^^) set. 

(b) There areu:2'^-^X and v : 2"^ continuous with S Q {uxvy^ (A) and IT^XS C{uxvy^{B). 
If we moreover assume that S ^pot(Il^^^), then this is a dichotomy. 

Note that we can deduce Theorem 1.3 from the proof of Theorem 1.10. Theorem 1.10 is the ana- 
logous of Theorem 1.3 in dimension two. The proofs of Theorem 1.3 in [Lo-SR], and also Theorem 
ni-2.I in [D-SR], use games. This is not the case here, so that we get a new proof of Theorem 1.3. 

Theorem 1.11 We can find concrete examples of a tree T with acyclic levels, together with sets 
G 1];+^ ( [T] ) \pot{U\^^), for each e < wi. 

The following corollary has initially been shown by D. Lecomte when 1+^ is a successor ordinal. 
Then G. Debs showed it when 1+^ is a Umit ordinal. 

Corollary 1.12 (Debs-Lecomte) Let ^ < uji. There is S G A} (2'^ x2'^) such that for any Polish spaces 
X, Y, and for any disjoint analytic subsets A, BofXxY, exactly one of the following holds: 

(a) The set A is separable from B by a pot{Yl\_^^ set. 

(b) There are u -.2'^ ^ X and V : 2'^ ^Y continuous with S C(uxv)~'^{A) andS\SC{uxv)~'^{B). 

Theorem 1.8 shows that we cannot replace S\S with -^S in Corollary 1. 12 when ^ = 0. G. Debs 
found a simpler proof, which moreover works in the general case: 

Theorem 1.13 (Debs) We cannot replace S\S with -'S in Corollary L12. 

Once again, some cycles are involved, so that the acyclicity is essentially necessary and sufficient 
in Corollary 1.12 (even if we have two different notions of acyclicity). G. Debs proved very recently 
that we can have u and v one-to-one in Corollary 1.12 if ^ > 2. This is not possible if ^ < 2 (see 
Theorem 1 .8 when ^ = 0, and Theorem 15 in [L4] when ^ = 1). 
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This paper is organized as follows: 

- In Section 2 we recall the material used to state the representation theorem of Borel sets proved in 
[D-SR]. We use it to prove Theorem 1.10, also in this section. To do this we assume some results 
proved in [Lo2]. We also prove Theorem 1.13. 

- In Section 3 we prove Theorem 1.11. 

- We use some tools of effective descriptive set theory (the reader should see [M] for the basic notions 
about it). In Section 4 we give an alternative proof of the results in [Lo2] that we assumed in Section 
2. This leads to the following: 

Theorem 1.14 (Debs-Lecomte-Louveau) Let T given by Theorem 1.11, ^ < a;f' , S given by Theo- 
rem 1.11, X, Y be recursively presented Polish spaces, and A, B disjoint I]\ subsets ofXxY. Then 

the following are equivalent: 

(a) The set A cannot be separated from B by a pot(Jl\^^) set. 

(b) The set A cannot be separated from B by a A\r\ pot{Il^_^^) set 

(c) There are u:2'^ andv:2'^ continuous with S C {uxvy^ (A) and [T]\S C (nxi;)"^(S). 

The equivalence between (a) and (b) is proved in [Lo2]. We will actually prove more than Theo- 
rem 1.14, with some additional notation that will be introduced later. Among other things, we will 
use the fact that the set of codes for A\ and pot(n°_|_^) sets is 11^. 

2 Proof of Theorem 1.10. 

2.1 Acyclicity. 

In this subsection we prove a result that will be used later to show Theorem 1.10. This is the place 
where the essence of the notion of a tree with acycUc levels is really used. We will also prove that we 
cannot have a reduction on the whole product, using some cycles. Some of the arguments used in the 
initial proof of Corollary 1.12 by D. Lecomte (when 1+^ is a successor ordinal) are replaced here by 
Lemma 2.1.2 below. 

Definition 2.1.1 (Debs) Let Tq, Tx, Xq, Xi be sets, T (IFqxTi and^^ -.J^qxJ^i^ ''^i . We say 
that tp = ipo X ipi : J^Q X J^i —>■ Xq xXi is an — selector on T for ^' if: 

(a) V'(/o, /i) = ['0o(/o), ipi (/i)]. for each (/o, fi)eJ^oX 

(b) tpit) e *(t), for each t G T. 

Notation. Let X be a recursively presented Pohsh space. We denote by Ax the topology on X 
generated by This topology is Polish (see (iii)^(i) in the proof of Theorem 3.4 in [Lo2]). 

We set Ti := Ax x Ay if Y is also a recursively presented Polish space. 

Lemma 2.1.2 (Debs) Let To, T\ be finite sets, T ^ TqX T\ such that the graph Gq- associated 

with T is acyclic, Xq, Xi recursively presented Polish spaces, : TqxTi^ SI{Xq X Xi), and 
-.J^oxJ^i^ si {Xq X Xi) defined by '^{t) : = Then ^ admits a ir-selector onT if^ does. 
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Proof, (a) Let to := (/o, /i) G T , and $ : J^o x J^i ^ x Xi). We assume that $(t) = *(t) if 

1 7^*05 and that $(to) ^ *(io)^ • We first prove that 5' admits a 7r-selector on 7" if $ does. 

• Fix a TT-selector (poxvT for We define Ti\ sets ?7e, for £ G 2, by 

C/e :={xGXe I 3(^1:^0 xJ^i^XoxXi x = (^e(/e) and Vt gT (^(i) G$(t) }. 



As ^(to) = [<^o(/o), (/i)] e $(io) n ([/o X f/i) we get 07^ $(to) n ([/q x ^/i) C ^(to)"' n (C/q x ?7i). 
By the separation theorem this implies that ^'(to) H (f/o x ?7i) is not empty and contains some point 
(xo, xi). Fix 2. As G [4 there is V'^ r^FoxJTi ^XqxXi such that Xg = '0f (/e) and G $(t), 
for each t G T. 

• If eo / G JTq and [(cj, ji)]i</ is a path in Gr with (eo, jo) = eo and (e/, j/) = ej,, then it is unique 
by Theorem 1.2.5 in [B]. We call it Peo.eJ,- We will define a partition of .FoX.Fi. We put 

iV := { (eo,ei)G:Fox:Fi\ {to} | (eo,ei)^T or [eo 7^ /o and PeoJo does not exist] }, 

:= { (eo,ei)GT\ {to} | eo//o and Peo,/o(beo,/ol -2) = /i }> 

F := { (eo,ei)GT\{to} | eo = /o or [eo7^/o andpeo,/o(beo,/o|-2)7^/i] }• 

The definition of H means that if we view the graph Gr as T itself in the product Fq x T\ instead 
of seeing it in the sum Tq®T\, then the last edge in the path from (eo, ei) to to is horizontal (and 
vertical in V). So we defined a partition ({to}; ^5 ^) of Fq x Fi. 

• Let us show that IIjf^ \H\ n IIjf^ [F] = 0, for each e G 2. 

We may assume that e = 1. We argue by contradiction. This gives e\ G [^] H Hj^i W\ ^^^^ 
also eo (resp., eg) such that (eo, ei) G -?/ (resp., (bq, ei) G F). Note that eo 7^ /o, and also that e\ 7^ /i 
(by contradiction, we get eg / /o since (eg, ei) 7^ to, and Pe^jo = (eg, /i, /o), which is absurd). If 
e() = /o, then el^'p^^jf^el gives a cycle, which is absurd. If Cq 7^ /o, then e^^PeoJo and er'"peJ„/o 
give two different pathes from e! to /q, which is also absurd. 

• Now we can define il^s-.J^e^Xe. We put 

xo if eo = /o. 



V'o(eo) := 



'(/'i(ei) := 



V;i(eo) if eoGn^o[iJ], 
Vo(6o) otherwise, 
' xi if ei = /i, 
VKei) if eiGn^Ji?]\{/i}, 
Vi(6i) otherwise. 



Then we set ^(eo, ei) : = [■0o(eo), 
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• It remains to see that tpit) G ^{t), for each teT. Notice first that V'(io) = (3:^0, xi) G *(to)- If 

t:={eo,ei)^V and cq / /o, then we get 

V;(t) = [V'o(eo),^i(ei)] = [V'o°(eo),V'?(ei)]=V'°(Oe$(i) = *W- 
Now if t G F and eo = /o, then we get 

^(t) = [:ro, V?(ei)] = [V'SC/o), V'?(ei)] = [V'Sleo), V'?(ei)] =^°(i) e = 
We argue similarly if t G i^. 

If i G iV n T, then cq 7^ /o- If moreover ei ^ ({/i} U IIjf, [H]), then we get 

V'(t) = [Vo(eo),^i(ei)] = [V'o°(eo),V'?(ei)]=V°(i)e$(i) = ^'(t). 

If ei = /i, then Peo,/o = (^Oj el) /o) exists, which is absurd. If ei G 11^^ \ {/i}, let Cq G J-'o with 
(eg, ei) G i/. The sequence (eo, el, eg, ... , /i, /o) shows that Peo,/o exists, which is absurd again. 

(b) Write T := {ti , . . . , and set $0 := We define ^j+i -.TqxJ^i^ (Xq x Xi) as follows. 
We put := ^j{t) ifty^ tj+i, and ■.='^{tj+i), for j < n. The result now follows 

from an iterative apphcation of (a). □ 

Proof of Theorem 1.13. We argue by contradiction. This gives a Borel set S'. Consider first that 
A := 5' and B := Then (b) holds with u = v = Id2w. So (a) does not hold and S' is not 

pot(n?+^). 

Consider now that A:= S and B := [T] \S, where T and S are given by Theorem 1.11. As (a) 
does not hold, (b) holds. This gives continuous maps u, v with 

S'C{uxv)-^S)C{uxv)~WT]), 

^S'C{uxv)-mT]\S)Q{uxv)'WT]). 
Claim. There is a Borel subset A of 2^ with S' = Ax2'^ or S' = 2'^ x A. 

• We argue by contradiction to prove the claim. There are a G 2"^, and /? 7^ /?' G 2"^ such that (a, /?) G S' 
and {a,p')^S' (otherwise A:= G Aj(2'^) and satisfies S' = Ax2'^). Then {u{a),v{(3)) eS 
and {u{a),v{f3')) ^ S, thus v{f3) / 

• Note that (a',/3) G S", for each a' G 2'^. Indeed, we argue by contradiction. This gives a' with 
{u{a'),v{p))^S. Thus u{a)y^u{a'), and {u{a),v{P)), {u{a'),v{l3)), {u{a),v{P')), {u{a'),v{P')) 
are in [T]. Let p E u with eo := u(q!)[p eg := u{a')\p and ei := v{P)\p ^ e'^ := u 
Then (eo, ei), (eg, ei), (eo, e'^), (eg, e'^) G 7^, and the sequence (eo, el, eg, e^ , eo) is a cycle, which is 
absurd. 

• Let 7 G 5q. We have (a', 7) G S", for each ol G 2'^, as before. Conversely, assume that (a', 7) G S". 
Then 7 G 5^, as before. Thus S' = 2^ x S'^, which is absurd. This proves the claim. o 

Now the claim contradicts the fact that S' is not pot(n5^f ). □ 
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2.2 The topologies. 

In this subsection we prove another result that will be used to show Theorem 1.10. Some topolo- 
gies are involved, and this is the place where we use some results in [Lo2]. 

Notation. Let X, Y be recursively presented Polish spaces. 

• Recall the existence of sets C co, C u x X with Al{X) = {C^ \ neW^} and 
{{n,x)euxX \ne W^and x^C^}en^{ux X) (see Theorem 3.3. 1 in [H-K-Lo]). 

• Set pot(ng) := A} (X) x A{ (Y) and, for ( < uj^^, 

^^:={pGT^^^^ I C^^^Gpot(n^)}. 

We also set W^^""^ :=U,,<? W^""^. 

The following result is essentially proved in [Lo2]. However, the statement is not in it, so we give 
a proof, which uses several statements in [Lo2]. Recall that ri is defined before Lemma 2.1.2. 

Theorem 2.2.1 (Louveau) Let ^<ti;J" , X, Y be recursively presented Polish spaces. Then 

and W^^'^ are If moreover A, B are disjoint subsets of X xY, then the following are 
equivalent: 

(a) The set A is separable from B by a pot{n9yj^^ set. 

(b) The set A is separable from B by a A\r\ pot{Il^^^) set. 

(c) The set A is separable from B by a II^_^^{ti) set. 

Proof. By the second paragraph page 44 in [Lo2], A}(X) and A.\{Y) are regular families (see 
Definition 2.7 in [Lo2] for the definition of a regular family). By Theorem 2.12 in [Lo2], the family 
$ :=pot(nQ) is regular too. We define a sequence {^^)^^^^CK of families as follows (see Corollary 
2.10.(v) in [Lo2]): 



$0 



= U^<A if < A < is a limit ordinal. 



By Corollary 2.10.(v) in [Lo2], $j is a regular family for each ^ < lj^^. In particular, the set 
Wq>^ := {p e W^""^ I C/^^ G $J is n^{uj). By Theorem 2.8 in [Lo2], the family is 
a separating family (see Definition 2. 1 in [Lo2] for the definition of a separating family), for each 
^ < LOi . An easy induction on ^ shows the following facts: 

=pot(n°) if ^<a;, 

= Ur?<? pot (n° ) if < C < a;f ^ is a Umit ordinal, 
$^+i=pot(nO) if a;<^<^CK 

This shows that Wf''^ = W^^ is il/ if ^ < w, W^-^ ^ = W^^^^ is nlifuj<^< wp^. If < ^ < wp^ 
is a Umit ordinal, then W^^^ = W^^ is n^. 
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(b) (c) follows from Theorem 3.4 in [Lo2]. 

(c) =^ (a) follows from the fact that Ax and Ay are Pohsh. 

(a) =^ (b) Assume first that ^<uj. Then pot(n5'^^) = <l>i+^ = ^g+i is a separating family. So A and 
B are separable by a n $5+1 = Z\} n pot(n5_,_^) set. If a; < ^ < wp^, then we use the fact that 

pot(n?+^)=pot(nO) = $^+i. □ 

Notation. Let X, Y be recursively presented Polish spaces. 

• We will use the Gandy-Harrington topology Sx on X generated by Recall that the set 

fix ■■= {x e X \ Lof = a,f is Borel and Sl, that [Qx, ^x] is a 0-dimensional Polish space (the 
intersection of Q,x with any nonempty Si set is a nonempty clopen subset of [0,x, Sx]) (see [LI]). 

• Let 2 < ^ < a;p^. The topology is generated by {XxY)n 11° ^(n). We have the inclusion 
5]°(t^) C5]°(ri), so that n°(r^) cn°(ri). These topologies are similar to the ones considered in 
[Lol] (see Definition 1.5). 

Lemma 2.2.2 Let X, Y be recursively presented Polish spaces, and ^ < lj^ . 

(a) Fix S € Si {X X Y). Then 5^'+^ G Sl {X x Y). 

(b) Let n>l, l<Ci<^2<---<?n< 1+6 ci^^d Sy ■ ■ ■, Sn be Sl sets. Assume that Sn' C Sn'+i^^"' 
for l<n' <n. Then Sn n ni<i<n ^i^^^ Ti-dense in 

Proof, (a) This is essentially proved in [Lo2] (see the proof of Theorem 2.8 in [Lo2]). We emphasize 
the fact that the analogous version of (a) in [Lo2] and the assertions of Theorem 2.2. 1 are proved 
simultaneously by induction on ^ and interact. Assume first that ^ = 0. Then 

{x,y)^T' ^ 3U e Al{X) 3V e A\{Y) {x,y)eU xV and {U xV) n S = $ 

^ 3meW^ 3neW^ {C^{x) and C^{y) and y{x',y')eXxY 
[(m G and x' ^ C^) or {n G and y' ^ Cl) or {x' , y') ^S]). 

So 5^' G sl [XxY). Now assume that ^ > 1. We have, by Theorem 2.2. 1 : 

{x,y)^S^'+^ ^ 3TGri(Xxy) nno^^^(ri) {x,y)£T a.ndTnS = ^ 
^ 3EeA\{XxY)r\pot{n^^i^^) {x,y)£E and En S = ^ 
^ 3meW^i']K (C^^^(x,y) and y{x',y')eXxY 
[{m G W^""^ and (x', y') ^ C^^^) or (x', y') ^S\). 

By Theorem 2.2.1, W^^^^ G III and we are done. 

(b) Let U (resp., V) a A\{X) (resp., A\{J)) set with 5^^' n (C/xF) /0. Then Sx n (f/xy) /0, 
which proves the desired property for n = 1. Then we argue inductively on n. So assume that the 
property is proved for n. We have Sn C S'n+i^^"^^ , and 5„ n ni<i<n ^ {UxV) / 0, by induction 
assumption. Thus 'S^^^^''^' ^^i<i<n ^ (^x^) + ^- hi<i<n n (C/xF) is 
we get n riKKn n (C/ x y) 7^ 0. □ 
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2.3 Representation of Borel sets. 

Now we come to the representation theorem of Borel sets by G. Debs and J. Saint Raymond (see 
[D-SR]). It specifies the classical result of Lusin asserting that any Borel set in a Polish space is the 
bijective continuous image of a closed subset of the Baire space. The following definitions can be 
found in [D-SR]: 

Definition 2.3.1 (Debs-Saint Raymond) Let a be a finite set. A partial order relation R on a^'^ is a 
tree relation if, for t G a'^^, 

(a) $Rt. 

(b) The set Pnit) := {s £ a^*^ \ s Rt} is finite and linearly ordered by R. 
For instance, the non strict extension relation -< is a tree relation. 

• Let Rbe a tree relation. An R— branch is an C.-maximal subset ofa'^^ linearly ordered by R. We 
denote by [R] the set of all infinite R-branches. 

We equip (a,'^^)'^ with the product of the discrete topology on a^^. If R is a tree relation, the 
space [R\ C [a^^ Y " equipped with the topology induced by that of {a'^^)^. The map 9 -.a^ ^ [-<] 
defined by ^(7) := [7[j]jew homeomorphism. 

• Let R, S be tree relations with RC.S. The canonical map Il:[R]^ [S] is defined by 

n(^) ■.=the unique S -branch containing A. 

• Let S be a tree relation. We say that RC.S is distinguished in S if 

sStSu ^ 
ys,t,uea^'^ > =^ sRt. 

s Ru 

For example, let C be a closed subset of , and define: 

sRt s-<iandiVt nC/0. 

Then R is distinguished in -<. In this case, the distinction expresses the fact that "when we leave the 

closed set, it is for ever". 

• Let ri<LO\. A family (i?(''))p<,^ of tree relations is a resolution family if: 

(a) /.V a distinguished subtree of R^P\ for all p<r]. 

(b) rW = fl^^^ R(p), for all limit A < r?. 

We will use the following extension of the property of distinction: 

Lemma 2.3.2 Let rj < oji, {R^P^)p<ri a resolution family with R^^^ = -<, and p < rj. Assume that 
s ^ s' R^P'^ s" and s R^p+^^ s". Then s R^p+^^ s'. 

Proof. We argue by induction on p. Assume that the property is proved for //</?. As s' R^p^ s" and 
r{p+^) is distinguished in R'^p') we have s s'. □ 
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Notation. Let 77 < ui, {R^p^ )p<r, a resolution family with = ^, p < 77 and z G a<'^ \ {0}. We set 

z'':=z \ max{r < l^l | z\r R^^^ z}. 

We enumerate {z^ \ p < ry} by {z^^ \ I <i < n}, where 1 <n eu and < • • • <^n = ?7- We can 
write z^" -<^...^^ z^'^ <^ z^^ <^ z. By Lemma 2.3.2 we have z^'+i z^^ for each 

l<i<n. 

Lemma 2.3.3 Let rj < ui, {R^f^ )p<rj a resolution family with R^°^ = ze a^^ \ {0} and l<i<n. 

(a) Set r]i:={p<rj \ z^^ -< z^}. Then rji is a successor ordinal. 

(b) We may assume that z^\ 

Proof, (a) First notice that rji is an ordinal. Note that ^i+l <r]i< rj+l. We argue by contradiction, so 
that rji < 77. Let ^i<p< rji. Then we have z^^ = z^, z^^ R^p> z, z^^ R^^^'> z, and z^' -< z^\ As rji < 77, 
we get rji e rji, which is absurd. 

(b) So we can write 'qi = Vi + 1. Note that z'^' = z^' since < fj. If + 1 < 77 we get z'^^'^^ <^ z^\ so 
we may assume that ^i = i>i. If fi+ 1 = 77+1 we get i'i = 'q and z^^ = z"^ = z^ = z^'^ , which is absurd.n 

The following is part of Theorem 1-6.6 in [D-SR]. 

Theorem 2.3.4 (Debs-Saint Raymond) Let rj < ui, E be a subset of [-<]. Then there is a 

resolution family {R^P^)p<ri with: 

(a) = ^. 

(b) The canonical map H: [R^'^^j —>■ [-<] is a bijection. 

(c) The set U~'^{E) is a closed subset of [R^'^'>]. 

Now we come to the actual proof of Theorem 1.10. 
2.4 Proof of Theorem 1.10. 

Theorem 2.4.1 Let T be a tree with acyclic levels, ^ < uj^ such that 1 + ^ is a successor ordinal, 
S G ( \T'] ), X, Y recursively presented Polish spaces, and A, B disjoint subsets of X xY. 
Then one of the following holds: 

(a) A^'+^nB = t 

(b) There are u:2'^ ^X andv:2'^ ^Y continuous with S C (uxt;)"^ {A) and \T]\S C {uxvy^ {B). 
Proof. Fix ?7 < a;f ^ with 1 +^ = 77+ 1. 

• We identify (2 x 2)<3 with 2^x2^, for Q<lu. With the notation of Definition 2.3. 1 and a := 2 x 2, 
we get £':=^[[T] G n°_,_]^([^]). Theorem 2.3.4 provides a resolution family. We put 

D:={{s,t)eT\3jeU-\E) {s,t)ej}. 
For example, we may assume that (0, 0) G D. 



11 



• We set A^:=A n B. Applying Lemma 2.2.2.(a), we see that N is S^. We assume that N is not 
empty. Recall that [QxxY, ^Xxy] is a Polish space (see the notation before Lemma 2.2.2). We fix a 
complete metric d (resp., metrics 6x, <Jy) on [0,xxY, ^Xxv] (resp., X, Y equipped with the initial 
topologies). 

• We construct {xs)smo[T] ^ X, iyt)teUi [t] ^ Y, iU(^s,t)){s,t)&T Q ^li-X x Y) with: 

(i) {Xs,yt)&U(^s,t)^^XxY- 

(ii) diamd(i7(,,t))< 2-1-1, <5x(a;„x,,)< 2-1^1, <5y(yt,yte) <2-l*l. 

(iii) C/(,,t)CiVif 

(iv) [/(,,t)CAif(s,t)^D. 

(v) [l<p<r? and {s,t) R(p^ is',t')] U^s',t')QU^{'' ■ 

(vi) [{{s,t)eD 4» and (s, t) (.s', t')] ^ ^^^(M)- 

• Let us show that this construction is sufficient to get the theorem. If (a,/3) G \T], then we can 
define {ji)ieu> ■= {jT''^)ieoj by U-'^{[{a, /?) \j]jew) = [(a, /?) \ji]ieoj, where ji<ji+i. In particular, we 
have (a, /3) [jj R^'^^ (a, /?) [jj+i. We have the following: 

since n^^(£') is a closed subset of [R^^'^]. Similarly, (a, f3) G [T] \S' is equivalent to the existence of 
ioeuj such that (a, /3) \ji G D for each i>io (with zq = 0). 

Therefore f/(Q,/3)ri,+i ^ ^^(a,/3)rj, ^ f^Xxy if ?' > and (a,/3) G [T]. Thus (f/(a,/3)[jJi>io is a 
decreasing sequence of nonempty clopen subsets of [i^xxYj d\ whose diameters tend to 0. Therefore 
{F{a, P)} = f]^^^^ U(^a,i3)\ji defines F{a,P) inflxxY- Note that F(a,/3) is the Umit of the sequence 

LetaGlIodT]), and /3a such that (a,/3a)G \T~\. We set u{a):=Ux{F {a, Pa))- Note that u(a) 
is the Umit of some subsequence of {Xa\i)i^u>, by continuity of the projection. As Sx{xs, Xge) < 2~^^\, 
u{a) is also the limit of {xa\i)ieui- Thus u{a) does not depend on the choice of (3a- This also shows 
that u is continuous on no(fT]). As no([T]) is a closed subset of 2^, we can find a continuous 
retraction ro from 2'^ onto no([T]) (see Proposition 2.8 in [K]). We set u{a) :=u{ro{a)), so that u 
is continuous on 2'^. 

Similarly, we define a continuous map v:2'^ —^Y such that v{/3) is the limit of {yj3ii)i£u! if P is in 
Hi ( [T] ). This impUes that F{a, (3) = {u{a), v{(3)) if (a, /3) G [T] . 

If (a, /3) G 5" (resp., [T] \S), then F(a,/3) G A (resp., A^). This shows that 5C (ttx v)-i(A) and 
\T'\\S<^{uxv)-^{B). 
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• So let us show that the construction is possible. Fix {xij,, yij)) GNn QxxY, which is not empty since 
N^$is S^. Then we choose ^7(0,0) G I^i with diameter at most 1 with (x0, 1/0) G ^(0^0) C A'" n i^xxY- 
Assume that {xs)\s\<p, iyt)\t\<p' {U{s,t))\s\<p satisfying conditions (i)-(vi) have been constructed, 
which is the case for p= 0. 

- Let s G Uo[T] n 2P (resp., t € Hi [T] n 2^), and (resp., Yt) be a Aj neighborhood of Xs (resp., yt) 
with (5x-diameter (resp., (Jy-diameter) at most 2~^. 

- If we := {se, te') € T n (2 x 2)^^+^ {w := (s, t) G (2 x 2)^ and e := (e, e') € 2 x 2), then we set 

/ f (^L'e)'' if there is r<r> with \w\r^D if;eGl?l and w\r R'^'^'> we, 

{we)'^ :=< ' . 

y we otherwise. 

Note that {wey € if ive G D, so that we^D li {weY^^^ = we. Note also the equivalence between 
the fact that we G D, and the fact that [wef^^^ G D. Indeed, we may assume that we ^ D and 
{we)^~^^ = {we)^. So that there is r < p with w \r ^ D and w \r R^'^^ we. By Lemma 2.3.2 we have 
w {weY , so that iwe)^^^ = {we)^ ^ D. The conclusions in the assertions (a) and (b) in the 

following claim do not really depend on their respective assumptions, but we will use these assertions 
later in this form. 

Claim. Assume that ?? > 0. 

(a) A n ni<p<., ^W"' n {Xs X Yt) is n-dense in n ( X, x Yt) if {we)^+^ = we. 

(b) [/(^e)" n ni<p<^ U(^' n {Xs X Ft) is n-dense in U^~^' n (X, x Ft) if (u;e)'?+ V w^e. 

Indeed, we use the notation before Lemma 2.3.3 with z ■.=we. By Lemma 2.3.3 we may assume 
that zS'if 1 < i < n. We set 5^ := U^^, , for 1 < < 77. We have Si C , for 1 < < 77, 

by induction assumption, since Moreover, the inclusion 5„ C A^''"''^ holds. Thus 

A n ni<^,<r, ^( «,e)^/^' n (X, X Ft) (respectively, U^^,), n ni<^,<r, ^W^^' ^ ^ ^*)^ 
dense in the set ?7(^e)i^^ ^ (-'^s x ^t) if (iJ.'e)''^^ =w;e (respectively, (li^e)''"'"^ / i(;e), by Lemma 
2.2.2. (b). But if 1 < p < r?, then there is 1 < i < n with (we)^ = {we)^\ And p since we have 
(ti;e)€'+i-<^(u;e)€' if l<ii<n. Thus we are done since Hi <p<^ = r\i<^i<n 



Let .?^o := ^1 := 2P+\ T := T n (.Fo x * : .T^o x J^i ^ (X x F) defined on T by 

^'(w;e):= 



A n ni<p<^ I7 ^^n( x,xyt) n Qxxy if =tt^e, 

^ (we)') n ni<p<r, C^(«;e)/'' H (X, x F^) if (u;e)^+ V'i^e. 



By the claim, '^(we) is ri-dense in C/(^e)i^^ (-^« ^ F^) if > 0. As (we)^ -<w-<we and i?^^) 
is distinguished in -< we get {we)^ R^^^ w and 17^ Q t^(«)e)i'"^' i'Y induction assumption. Thus 
CA^^' n (X5xFt)CC^g)/^ n (X^ xFt) C^(i(;e). Thus (x„ y*) is in U^, n (X^ xF*) C^(i(;e) (even 
if ?7 = 0). Therefore ^' admits a 7r-selector on T. By Lemma 2.1.2, ^ admits a 7r-selector tp on T. 
We set Xse '■= 'ipo{se), yte' '■= '4>i{te'), and choose Sl sets Uwe with (i-diameter at most 2~'p~^ such 
that tp{we) G ?7^e £ ^(u)e). This finishes the proof since {s, t) R^f^^ we and {s, t) ^ we imply that 
(s, t) (we)'' u;e, by Lemma 2.3.2. □ 
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Now we come to the limit case. We need some more definitions that can be found in [D-SR]. 
Definition 2.4.2 (Debs-Saint Raymond) Let a be a finite set. 

• Let Rbe a tree relation on a^'^. Ift G a^'^, then hR{t) is the number of strict R-predecessors oft. 

So we have hii{t) = Card{Pji{t)) — 1. 

• Let ^<LJi be an infinite limit ordinal. We say that a resolution family {R^P^ )p<£, uniform if 

VA;Ga;3?7fe<^Vs,tGa<'^ [min{hji(i){s),hji(i){t))<k and s R^'^^'H] s R^^U. 

We may (and will) assume that r]k > 1. 

The following is part of Theorem 1-6.6 in [D-SR]. 

Theorem 2.4.3 (Debs-Saint Raymond) Let ^<loi be an infinite limit ordinal, E a 11^ subset of[-<]. 
Then there is a uniform resolution family (.R^^^)p<^ with: 

(a) = ^. 

(b) The canonical map H : [R^^^] — > [-<] is a bijection. 

(c) The set Il~^(E) is a closed subset of [R^^^. 

Theorem 2.4.4 (Debs-Lecomte) Let T be a tree with acyclic levels, ^ < toj" an infinite limit ordinal, 
S G S°([T]), X, Y recursively presented Polish spaces, and A, B disjoint El subsets of X xY. 
Then one of the following holds: 

(a) A"'' nB = $. 

(b) There areu:2'^^X and v:2'^ ^Y continuous with S C {uxv)~'^{A) and \T~\ \S C {uxv)~^{B). 
Proof. Let us indicate the differences with the proof of Theorem 2.4.1. 

• The set E ■.=6[\T~\ \S] is 11^ ([^]). Theorem 2.4.3 provides a uniform resolution family. 

• If ii; G (2 X 2)<'^ then we set 

77(u;):=max{7?,,^^^j(^/)+i | w' ~<w}. 
Note that ri{w') < ri{w) if w' -< w. 

• Conditions (v) and (vi) become 

(v') [l<p<v{s,t) and {s',t')] U^,,^,,)CTj^'' . 

(vi') [{{s,t)GD ^ {s',t')eD) and (s, t) (s', i')] => U^s',t')'^U^,,ty 

• If we := {ss, te') G T n (2 x 2)p+\ then we set 

{{we}^ if there is r<p with [w\rED 4^ weED] and w\r R^^^ we, 
we otherwise. 

Note that we^D if (we)^~^^ = we. Note also the equivalence between the fact that we^D and the 
fact that (iue)^+^ G D. 
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Claim 1. Assume that {we)P (we)^ . Then p+l<ri{{weY+'^). 
We argue by contradiction. We get 

p+l>p> r]{{wey+^ ) > r]f^^^^^ ((«,e)«)+i = %^(^) (we) ■ 
As (we)'' R^P^ we we get {weY R^^^ we and (we)'' = (we)^, which is absurd. o 

Note that ^n_i<^„_i + l<r/((u;e)^"-i+^)<r7(K;e). Thus (lue)^^"'^) = (lue)^. 
Claim 2. (a) Anni<p<,,(^e) U(^' n (X^xYt) is n-dense in U^^' n (XsXYt) if (u;e)«+i = w;e. 

<p<r;(uie) 



(b) ?7(^e)« n ni<p<,,(»e) f^O^" n (X, X is ri-dense in TJ^~^' n (X^ x Yt) if (u;e)«+i 7^ we 



Indeed, we set Si := U^Ci, for 1 < < ^. By Claim 1 we can apply Lemma 2.2.2.(b) and we are 
done. o 

• LetJf^o:=^i:=2^+^^:=Tn (J^oxJ^i), *:/'oxJ^i^i:/(^x^) defined onTby 
< 

We conclude as in the proof of Theorem 2.4.1, using the facts that % > 1 and is increasing. □ 



^{we):= < 



Proof of Theorem 1.10. We may assume that ^ < , X, Y are recursively presented, and A, B 

are Sl. We assume that A is not separable from S by a pot(n'j'_,_^) set, and set A'^ := ^^^"''^ n B. Then 
is not empty since n5(ri+^) C n5_^^(Ti) Cpot(n°^^). So (b) holds, by Theorems 2.4.1 and 2.4.3. 

So (a) or (b) holds. If D G pot(n5+^) separates A from B and (b) holds, then S G pot(n5_^^), 
since S={uxv)~^{D) n [T], which is absurd. □ 

3 Proof of Theorem 1.11. 

We have seen that we cannot have a reduction on the whole product in Theorem 1.13. We have seen 
that it is possible to have it on the set of branches of some tree with acyclic levels. We now build 
an example of such a tree. This tree has to be small enough since we cannot have a reduction on the 
whole product. But as the same time it has to be big enough to ensure the existence of complicated 
sets, as in the statement of Theorem 1.11. 

Notation. Let : w — > be the natural bijection. More precisely, we set, for q^u, 

M{q) :=max{mG(j | Tik<m k<q}. 

Then we define (p{q) = {{q)o, {q)i) := {M{q)-q + {Y.k<M(q) k),q-{T.k<M{q) k)). One can check 
that <n,p>:=(p~^{n,p) = {Tik<n+p k)+p. More concretely, we get 

ip[u;] = {{0, 0), (1, 0), (0, 1), (2, 0), (1, 1), (0, 2), . . .}. 



15 



Definition 3.1 We say that E C IJ^g^^ 2« x 2« is a test if: 

(a) G a; 3! (sg, tq) G (29 X 2«). 

(b) ^m,peuWe2<'^ 3ve2<'^ {sp(}uv,tpluv)eE and {\tpluv\-l)o = m. 

(c) Vn>0 3q<n 3we2^'^ Sn = SqOw Siadtn = tqlw. 

We will call T the tree generated by a test E = {(sg,tq) \ qEco}: 

T:={{s,t)e2<'^x2<'' \s = t = $ or 3qeui3we2<'^ {s,t) = {sgOw,tglw)}. 

The uniqueness condition in (a) and condition (c) ensure that T is small enough, and also the 
acyclicity. The existence condition in (a) and condition (b) ensure that T is big enough. More specif- 
ically, if X is a Polish space and a a finer Polish topology on X, then there is a dense Gs subset 
of X on which the two topologies coincide. The first part of condition (b) ensures the possibility to 
get inside the square of a dense Gs subset of 2^. The examples in Theorem 1.11 are build using the 
examples in [Lo-SR]. Conditions on verticals are involved, and the second part of condition (b) gives 
a control on the choice of verticals. 

Proposition 3.2 The tree T associated with a test is a tree with acyclic levels. 

Proof. Fix p e u>. Let us show that Gg^ is acyclic. We argue by contradiction. Let {ei,ji)i<i be 
a cycle in Gr^, and n <p maximal such that the sequence {ei{n))i<i is not constant. There is ii 
minimal with e^^ (n) 7^ ejj+i(n). We have Cj^ (n) = eo(n) = ei(n). There is ^2 > ii + 1 minimal with 
Ci^+i (n) / (n). Then Cj^ (n) = Ci,^ (n), and in fact e^j = because of the uniqueness condition in 
(a), and ei^+i = e^j-i. If jh = 3i2 . then ii = and 12 = I. But ji^+i = 1 -ji^ = 1 -ji^ = ji^-i, which 
is absurd. If jjj T^jij' then for example =0 = 1— ji^. Ifp>0, then e^j (0) = = 1 — e^j (0), which 
contradicts =ei^.\ip = 0, then eo = = 62, which is absurd. □ 

Notation. Let : a; ^ 2<'^ be the natural bijection (V'(O) = 0, V(l) = 0, V(2) = 1, ^^(3) = 0^, 
^-(4) = 01, -0(5) = 10, -0(6) = l^ . . .). Note that \il){q)\<q. 

Lemma 3.3 There exists a test. 

Proof. We set SQ = tQ:=%, and 

Note that {q)o+{q)i = M{q) < ^k<M(q) k<q, so that Sg, tg are well defined and we have the equahty 
\^q\ = \^q\ — 9' induction on q. It remains to check that condition (b) in the definition of a test 
is fullfilled. Set n := ^~^(n), r :=< p,n > and q :=< m,r >. It remains to put v := 01~p~M: 
{SpOuv,tpluv) = {Sq^^,tq^^). □ 

Now we come to the lemma crucial for the proof of Theorem 1.11. 
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Notation, (a) We define p:a;^^\{0}—>^a;. We define by induction on |s|: 

' s(0)if|s| = l, 

P{s):=< 

<p{s\{\s\ — l)),s{\s\ — l)> otherwise. 
Note that p^^n : — > is a bijection, for each n > 1. 

(b) The map A : 2^^ x 2^^ — > 2'^ is the symmetric difference. So, for mGco, 

A{a,/3){m) = {aAp){m) = l 4^ a{m)^/3{m). 

Lemma 3.4 Let G be a dense Gs subset of 2^, and T the tree associated with a test. Then there are 
ao £ G and f -.2^ ^G continuous such that, for each a € 2^, 

(a) {ao,f{a))e\Tl 

(b) For each t G w^'^, and each mEu, 

(i) a{p{tm)) = l =^ 3m'eL0 {aoAf{a)){p{tm') + l) = l. 

(ii) {aoAf{a)){p{tm) + l) = l =^ 3m' Eco a{p{tm')) = l. 

Proof. Let (Oq) be a sequence of dense open subsets of 2'^ with G = f]^ Oq. By density we get: 

Vg,ZGw3«q,/G2<'^VsG2' A^,„^,,COg. 

• We construct finite approximations of oq and /. The idea is to linearize the binary tree 2'^^ . So 
we will use the bijection iIj defined before Lemma 3.3. To construct /(a) we have to imagine, for 
each length the different possibilities for a\l. More precisely, we construct subsequences of 2^'^, 
namely {vw)yj^2<'^^ {sw)we2«^ {tw)we2«^^ satisfying the following conditions: 

(1) (s^,t^)G£;\{(0,0)}, and(|t^|-l)o = (|i(;|)o, foreachu;e2<'^. 
i0 =1 no,i 1^0, 



(2) 



(3) 



- tw £ [ 



-1 ^JW£- 



We show the existence of the three subsequences inductively on ^{w)- We choose G 2^'^ with 
(0 no,i V0, 1 Mo,i -u©) G E and (|1 uo,i -u©! - l)o = 0. Assume that (■y,„)^-i(^)<r, (s,„)^-i(^)<r, 
(^«;)^-i(w,)<r satisfying properties (l)-(3) have been constructed, which is the case for r = 0. 

Fix w G 2<'^ and e G 2 with ^(r + 1) = we. We choose v^e £ 2<'^ such that (s^^, i^^) G i? and 
I — l)o = + l)o- Let us show that this is possible. We want that 

{si,{i,-^{ws)-i) ^^v-i(«'£),kv,(v-i(^«e)-i)l+^ ^"'^ ' ^ ^ - • • 

^^V-H«'^)-i,kvw-i(..e)-2)l+i ^V-M«'^),l«^(v,-i(.e)-i)l+i ^"'^)^^- 

It is enough to see that 0, £ . . . ^^vCV-Hife)-!) 0) 
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But 



= U^-l(yj)+l,\s^\+l 'yv,(V,-l («;)+!) . . . fiV-l(«'£)-l,k^(v,-l(^e)-2)l+l '"V'(V'-K«'£)-1) 

We are done since (s^, tw)^E. 

• So this defines sequences (u«,)u)e2<"5 {sw)w&<^ and (i«,)«,e2<'^- As we can 
define ao :=sup^ •^V'(g)- Similarly, we set /(a) :=sup^ ^ofm' ^^d / is continuous. 

• Let us show that ao G G. By definition of we get s,/,(q)Oug_|_i^|s^^^j|_(_i ^s^^^+i), for each q. 
This implies that ao G Hq Oq = G since Omo,i ~< «o- 

• Now fix a G 2'^. Let us show that /(a) G G. Fix g G a;, and m G a; such that 

il)~'^{a\m)<q+l<'4)~'^{a\{m+l)). 
Again it is enough to show the existence of s G 2"^^ with sttg+i -< ta[(m+i)- Set 

By definition of tQ;|-(r„+i) we have sw^+i -<tQ,|-(^+i). But the construction of tw^ shows that 

I s^(g) I + 1 = I s I . So s is suitable. 

(a) Moreover, (ao, /(a)) G [T]. Indeed, fix r G a;. There is m G a; with Z:= >r. We get 
(ao, /(a)) \l = {s^^rnMm)^E<^T. Thus (ao, /(a)) GT, and (ao, /(a)) is in [T]. 

(b) .(i) We set i/;:=a[f*(tm), so that t^l Xt^ui =tcj|-[p(t^)_i_i] -<f{a). As (|t«;| — l)o=p(0' there is m' 
with |t^|=p(W) + l. But s^0^s^(^-i(^)+i), sothat ao(|t«,|)7^/(a)(|t^|). 

(b).(ii) First notice that the only coordinates where ao and /(a) can differ are and the |ta|-g|'s. 
Therefore there is an integer g with p(tm)+l = I tctfg I- In particular {\toi\q\—'y)o=p{t) and {q)o=p{t). 
Thus there is m' with q=p{tm'). We have oiQ{\ta]^q\)=Q^ f{a){\ta<^q\) = a{q). So a(p(tm')) = l.D 

Now we come to the existence of complicated sets, as in the statement of Theorem 1.11. 

Notation. In [Lo-SR], Lemma 3.3, the map po:2'^ ^ 2'^ defined as follows is introduced: 

1 if e{<i,j>) = 0, foreachjGo;, 

po(£)(i):=< 

otherwise. 
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In this paper, : 2"^ ^ 2'^ is also defined for ^ < cji as follows, by induction on ^ (see the proof 
of Theorem 3.2). We put: 

77+1 n 

-Po :=Po°Po- 

- If A > is limit, fix (^^) C A\{0} with = A. For £ G 2'^ and A; G w we define (e)^ G 2'^ by 

(£)'=(i) ■.=e{i+k). We also define ^^,'''''+^^2'" ^2'^ by 

£{i) if i<k, 

Pi^''^'\em:={ ^ 

^ pl*'{{ef)(i-k)iii>k. 

We set pf'^'^ ■.=pp'^'^ o pr^''^) o . . . o pf^^ and p^(£)(^) :=p^'=^^)(£)(fc). 

The set := (Po)^({0°°}) introduced, and the authors show that is n5_,_^\S)5_|_^ 

(see Theorem 3.2). 

• The map 5 : 2"^ ^ 2^ is the shift map: S{a){m):=a{m+l). 

• Let T be the tree generated by a test. We put, for ^<u\, 

Si+^ := {(a, P)e2^x2^\ (a, /?) G m and 5(aA/3) ^ J. 
Theorem 3.5 Le? ^ < wi. T^ie [^A-S'i+c is n5+^ (2'^x2'^)\/70?(S?_^^), ant^ Si+^ is not pot{n^^^). 
Proof. As is n5+^ and A, 5 are continuous, [T] \Si+^ is n0_^^(2'^ x 2'^). 

• Let G be a dense Gs subset of 2'^. Lemma 3.4 provides ckq G G and f:2'^^G continuous. 

• Let us show that p^ia) = pQ{S[aoAf{a)]), for each 1 < ^ < wi and a G 2'^. For ^ = 1 we apply 
Lemma 3.4.(b) to t G a;. Then we have, by induction: 

pg+^(a) = po(pg(a))=po(p3(5[aoA/(a)]))=pg+i(5[aoA/(a)]). 

From tliis we deduce, by induction again, that 

p(°'^) (a) =p«° (a) = p«° (5[aoA/(a)]) = pj"'^) (5[aoA/(a)]). 

Thus p('^''+^)(a) = p(°''=+^)(5[aoA/(a)]), and 

Po^(a)(fc) = p(°'''+^)(«)(A;) = p(°''=+^)(5[aoA/(a)])(fc) = Po^(5[aoA/(^^ 

• This implies that a G is equivalent to S[aoAf{a)] G (for ^ = we apply Lemma 3.4.(b) 
tot:=0). 

• We argue by contradiction to show that [T]\S'i+5 (resp., S'l+g) is not pot(S'j'_|_^) (resp., pot(n5_|_^)): 
there is a dense Gs subset G of 2'^ such that ([T] \Si+^) n (resp., Si+^ n G^) is a S0_^^ (resp., 
n°_^^) subset of G^. But by the previous point we get Hi+^ = f~'^{[{\T] \Si+^) n G^JaJ (resp., 
^Hi+^ = f-'^{[Si+^ n G\o ))' which is absurd. □ 
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4 Proof of Theorem 1.14. 



As announced in the introduction, we show more than Theorem 1.14. 
Notation. Let X, Y be recursively presented Polish spaces. We set 

Then we define an inductive operator $ over u (see [C]) as follows: 

{pGVF^xY I ^aeA\\ineu a{n)eW^''^ and ^C/xF^y^ C^^J}. 
Then $ is clearly a 77/ monotone inductive operator. We let, for any ordinal ^, 

(which is coherent with the definition of B^^^). 

Theorem 4.1 (Debs-Lecomte-Louveau) Let T given by Theorem 1.11, ^Ku^'^, S given by Theorem 
1.11, and X, Y be recursively presented Polish spaces. 

• Let A, B be disjoint Sl subsets of XxY . The following are equivalent: 

(a) The set A cannot be separated from B by a pot{n^_^^) set. 

(b) The set A cannot be separated from B by a A\r\ pot{Il^_^^) set. 

(c) The set A cannot be separated from B by a n5^^(ri) set. 

(d) X'^^ nB^iJ}. 

(e) There are u : 2^ ^X and v:2'^ —^Y continuous with S C {uxv)~^{A) and \T^\S C {uxv)~'^{B). 

• The sets W^""^ = B^""^ , W^_^f = B^_^f and 1^^^^^ are Ul 

Proof. The set B^^^ is clearly 77/ and a subset of W^""^ . Conversely, if p is in W^""^, then 
C^xY is a El rectangle, and a A\ rectangle by reflection. So p^B^^^ = W^^^ . 

• We argue by induction on ^. So assume that the result has been shown for r/ < ^. 

• Let us show that W^^^^^ is 77/. We may assume that ^ = 1 + ^ is an infinite Umit ordinal since 
W^^_^^ =W^''^. By Lemma 4.8 in [C] the following relation is TT/: 

R{p,5) ^ (JeWOandpG^I'^l. 

The following argument can be found in [Lol], Proposition 1.4. Let S^eWO H AI with and 
be the restriction of the ordering 6^ to the (5^-predecessors of m. We get, by induction assumption, 

<^ 377<^ pG$^ 3meL0 R{p,6^). 

This shows that W^^_^ is IT/. 
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(a) (b) and (a) (c) are clear since Ax and Ay are Polish. 

(c) ^ (d) This comes from the fact that n?(ri+^) C n5+^(ri). 

(d) =^ (e) This comes from Theorems 2.4. 1 and 2.4.4 (Lemma 2.2.2 is at this moment true until the 
level 1+0- 

(e) =^ (a) IfDe pot(n°_^^) separates A from B, then S={uxv)-^ {D) n [T] is pot(n°^^), which 
contradicts Theorem 1.11. 

(b) =^ (d) We argue by contradiction, so that ^^^^^ separates A from B. By induction assumption 
and the first reflection theorem there is a G z4} with a{n) G W^^^^ and C'^f^^ C -^A, for each integer 

n, and 5 C := (J^ C^^^ . But is Zi^ n pot(X;5+^) and separates B from A, which is absurd. 

• The proof of the implication (b) =^ (d) imply that W^^^ is III since is i7/ and 

W,^f = {peW^''"^ I ^aeA\yneu a{n)eW^,% and -C/^^ = U C^^J}. 

n 

• It remains to see that W^f'^^^ = B^^^ . But by induction assumption we get 

U<i+^ B^""^ U{p€W^'<^ \3aeA\yneio a{n)e\Jr,<i+^ ^^f^^ and 

J:(n) 



-Un "-^afn) / 



This finishes the proof. □ 

Remark. As we saw with Theorem 2.2.1, the equivalence between (a), (b) and (c) is essentially shown 
in [Lo2]. It is also essentially shown in [Lo2] that (a), (b) and (c) are equivalent to (d) (see the proof 
of Theorem 2.8, (a) page 25, in [Lo2]). An immediate consequence of Theorem 4.1 is the following, 
shown in [Lo2]: 

Corollary 4.2 (Louveau) Let ^ < , X, Y be recursively presented Polish spaces, and A a A^ 
subset of XxY. The following are equivalent: 

(a) The set A is pot{Yl\j^^). 

(b) The set A is n'l_^^(Ti). 
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